Dynamical chaos is studied in the Hamiltonian motion of ions confined in a Penning trap and forming so-called microplasmas. The dynamical chaos of the ion motion is characterized by the maximum Lyapunov exponent. Results are reported on the dependence of this exponent on the energy of the system, on the number of ions, as well as on the geometry of the trap. Different dynamical regimes are characterized from the crystaline state, to a strongly chaotic regime, and to quasiharmonic motion in the external potential of the trap. Across these regimes, the Lyapunov exponent increases, reaches a maximum value, and decreases as a function of energy. Besides, the maximum value of the Lyapunov exponent increases as a function of the number of ions.
I. INTRODUCTION
Dynamical chaos provides a strong mechanism for the mixing of phase-space volumes and the loss of statistical correlations during time evolution, these latter being central properties in nonequilibrium statistical mechanism. Chaos is characterized by positive Lyapunov exponents which measure the rate of exponential separation between nearby trajectories [1] . A positive Lyapunov exponent is thus the signature of an exponential type of sensitivity to initial conditions. Several systems of statistical mechanics have been shown to present a full spectrum of positive Lyapunov exponents [2] . In particular, the characteristic quantities of chaos have been obtained for the hard-ball fluids thanks to the methods of statistical mechanics [3] [4] [5] . In those fluids, explicit values have been computed for the maximum Lyapunov exponent as well as for the Kolmogorov-Sinai entropy per unit time which is equal to the sum of positive Lyapunov exponents λ j according to Pesin's theorem [1] h KS = λj >0
which holds for bounded hyperbolic systems and is expected to apply also to more general bounded dynamical systems. As a consequence, the space-time entropy of the hard-ball fluids, i.e., the Kolmogorov-Sinai entropy per unit time and unit volume, turns out to be positive [3] . Moreover, numerical simulations show that the dynamics of typical systems of particles interacting by smooth potentials is also exponentially sensitive to initial conditions with positive Lyapunov exponents and a positive space-time entropy [6] [7] [8] [9] [10] [11] . A remarkable fact is that a positive space-time entropy is the feature of typical stochastic processes of statistical mechanics. This is the case for the probabilistic cellular automata [12] , as well as for the fluctuating Boltzmann equation [13] which can be simulated by Bird's direct simulation Monte Carlo method [14] . Such stochastic processes require the call of a pseudorandom generator at each time step in each space cell. This local stochasticity is characterized by a positive space-time entropy [15] . This dynamical entropy measures the amount of randomness which is generated by the process in each unit volume and unit time. Dynamical chaos is thus a mechanism which is compatible with both the positive space-time entropy of the typical stochastic processes of statistical mechanics and the determinism of the underlying microscopic dynamics.
Recent work has also drawn the attention to systems with zero Lyapunov exponents, presenting weaker mechanisms of mixing and sensitivity to initial conditions than dynamical chaos [16] [17] [18] [19] . Such systems also sustain transport processes such as diffusion as well as some stochasticity.
A fundamental question is to know whether natural many-particle systems present strong or weak kinds of sensitivity to initial conditions. This question can be addressed not only by theoretical or numerical methods but also experimentally. The experimental determination of the type of sensitivity to initial conditions would require the direct observation of the trajectories of the particles and the measurement of Lyapunov exponents thanks to the Eckmann-Ruelle method [1] . During the last decade, the tracking of microscopic particles has become an experimental possibility in the so-called microplasmas, which are systems of atomic ions or charged microparticles confined in Paul or Penning traps [20] [21] [22] [23] [24] [25] . The ions repel each other by Coulomb interaction and they are separated by distances of the order of micrometers or more, which allows the observation and tracking of their trajectory.
The purpose of the present paper is to anticipate possible future experimental measure of Lyapunov exponents in microplasmas with a theoretical and numerical study of these systems. Lyapunov exponents have already been investigated in spatially-extended plasmas [26] [27] [28] as well as in a one-dimensional wave-particle model of plasma [29, 30] . However, no work seems to have been devoted to the Lyapunov exponents of microplasmas confined in an electromagnetic trap. We here focus on microplasmas in Penning traps and investigate the behavior of the maximum Lyapunov exponent of the Hamiltonian motion of the ions. We consider a realistic Hamiltonian model which is three dimensional and contains a relatively small number of ions for which the tracking of trajectories of individual ions should remain feasible. Because of the long range of the Coulomb interaction between the ions, the Lyapunov exponents are expected to behave differently in microplasmas than in many-particle systems with short-ranged interaction such as the hard-ball fluids. Moreover, microplasmas are non-extensive dynamical systems with a finite number of degrees of freedom. In microplasmas composed of more than a few dozen ions, the behavior of the maximum Lyapunov exponent can nevertheless be understood thanks to statistical mechanics, as shown here below.
The plan of the paper is the following. The system and its Hamiltonian are defined in Sec. II. Its dynamical and statistical properties are described in Sec. III. Its sensitivity to initial conditions is characterized by the maximum Lyapunov exponent in Sec. IV. Conclusions are drawn in Sec. V.
II. THE SYSTEM
We consider a microplasma composed of N ions of mass m and electric charge q in a Penning trap with the electrostatic potential
and the magnetic field along the z-direction of vector potential
The Hamiltonian of the full system is given by
with r i = (x i , y i , z i ) the position of the ion i, r ij the distance between the ions i and j, and ε 0 the vacuum permitivity.
In the Penning trap, the ions are submitted to a harmonic confinement in the z-direction of frequency
and in the perpendicular direction due to the cyclotron motion of frequency ω c = qB/m. In a frame rotating around the z-axis at the Larmor frequency ω L = ω c /2, the ions feel a harmonic confinement of frequency
in the direction perpendicular to the magnetic field. In the rescaled time τ = ω c t, position R = r/a, and energy
, the Hamiltonian describing the motion in the Larmor rotating frame becomes
with the positions R i = (X i , Y i , Z i ), the canonically conjugated momenta P i = (P Xi , P Y i , P Zi ), and
The ions are trapped in a bounded motion under the condition that
The trap is prolate if 0 < |γ| < 1/ √ 6, isotropic if |γ| = 1/ √ 6, and oblate if 1/ √ 6 < |γ| < 1/ √ 2. The motion is quasi one-dimensional in the limit γ 0 and quasi two-dimensional in the limit |γ| 1/ √ 2. The Z-direction is a symmetry axis so that the Z-component of angular momentum
We suppose from now on that this angular momentum vanishes, L Z = 0.
III. DYNAMICAL AND STATISTICAL PROPERTIES
In the following, the motion is studied in the Larmor rotating frame. Figure 1 depicts typical trajectories of a system of N = 20 ions in an oblate trap in the XY -plane perpendicular to the Z-direction of the magnetic field. The ions have a periodic micromotion at frequency γ in the Z-direction which is not apparent in the XY -plane where the non-trivial motion is observed.
At zero temperature or kinetic energy, the system freezes in a crystaline state [20] [21] [22] [23] [24] [25] . In the present case, the ion crystal is seen in Fig. 1a . It is composed of a central ion surrounded by an inner ring of 7 ions, and an outer ring of 12 ions. At nearly zero temperature, the ions have a quasiperiodic, quasiharmonic motion around their equilibrium position. It is the regime of normal modes of vibration.
At slightly positive temperatures, the system may already have bifurcated from the regime of quasiharmonic normal modes to another regime where local modes exist. This is already the case in Fig. 1a where we observe that the inner ring is animated by a slow collective motion, or soft mode, while the outer ring has a configuration which is essentially fixed. For this to occur the energy should be higher than the energy barriers for locking the rotation of the inner ring with respect to the outer ring. Such energy barriers are still very small with respect to barriers for exchange of ions within a ring or between rings as observed in Fig. 1b .
At temperatures high enough for exchanges of ions, their motion becomes erratic and the ion crystal melts, as seen in Figs. 1b and 1c.
At still higher temperature, the ions form a thermal cloud in which the mean Coulomb potential energy V C starts to become negligible with respect to the mean kinetic energy K and mean harmonic potential energy V h . Indeed, the total energy E = K + V h + V C is then essentially shared between the kinetic energy and the harmonic potential energy:
with a dimensionless temperature defined by
. This is the thermal regime which can be described by statistical mechanics as explained in Appendix A. The mean square position of the ions is then given by
The mean Coulomb energy thus decreases at high temperature as
The thermodynamic entropy of the ion thermal cloud can also be estimated by neglecting the Coulomb interaction to get
with e = exp(1). This entropy is an increasing function of the temperature, indicating that the spatial distribution of the ions is more and more disordered as the temperature increases. 
IV. SENSITIVITY TO INITIAL CONDITIONS

A. Theory
Sensitivity to initial conditions is characterized by the growth rate of an infinitesimal perturbation δΓ on a trajectory of the system in the phase space of positions and momenta of all the particles: Γ = {R i ,
. This growth rate is the so-called Lyapunov exponent [1] 
where δΓ is the magnitude of the perturbation δΓ = {δR i , δP i } N i=1 . In many-particle systems, there exist as many Lyapunov exponents as phase-space dimensions. We shall here be concerned by the maximum Lyapunov exponent λ 1 computed with Eq. (14) starting from a typical initial perturbation δΓ 0 . The time evolution of the perturbation
is ruled by the second variation of the Hamiltonian (7) of the system:
The first terms describe the time evolution of the perturbation under the harmonic potential of the Penning trap. This motion is regular and would give vanishing Lyapunov exponents if the ions were not interacting via the Coulomb potential. Therefore, positive Lyapunov exponents come from the last Coulombic terms in R −3
ij . As shown in Appendix A, the third inverse moment of the inter-particle distance decreases at high temperature as
If all the N 2 terms as R −3 ij in Eq. (15) are supposed to contribute to the maximum Lyapunov exponent, we should have
The expectation is thus that the maximum Lyapunov exponent decreases for increasing temperature and increases with the number of ions in the high-temperature regime.
B. Dependence on energy and ion number
The maximum Lyapunov exponent has been computed numerically for microplasmas containing more and more ions in the oblate Penning trap of Fig. 1 . The results are depicted in Fig. 2 where we observe the sharp increases of the Lyapunov exponent just above the minimum energy E 0 of the static ion crystal. The Lyapunov exponent increases up to a maximum value and then decreases. We observe that the maximum value shifts toward higher energies and higher values as the number of ions increases.
Let us describe in detail what happens near the minimum energy E 0 . This energy is the total potential energy of the system at zero temperature when the kinetic energy vanishes. It is shown in Appendix A that this energy should increase as E 0 ∼ N 5 3 with the number of particles, which is in agreement with the numerical results. For energies just above E 0 , the ions are in quasiharmonic motion following the normal modes of vibration around the equilibrium position of the crystal, as discussed in the previous section. This explains that the Lyapunov exponent vanishes with the kinetic energy. As seen in Fig. 1 for the system with N = 20 ions, the ions soon have enough energy for their motion to be erratic. For instance, Fig. 1c depicts the motion of the N = 20 ions at the energy E = 23 where the Lyapunov exponent takes the value λ 1 = 0.047 significantly lower than its value λ 1 = 0.114 at the maximum occurring around the energy E = 40 in Fig. 2 for N = 20. This shows that the Lyapunov exponent reaches its maximum value for energies well above the melting seen in Fig. 1 . Actually, the melting of the crystal does not leave a signature in the behavior of the Lyapunov exponent, except possibly in quasi one-dimensional systems (see below). The maximum value of the Lyapunov exponent is numerically observed to happen at an energy scaling with N as E max ∼ N 1.6 , which is a power-law similar to the one of E 0 . The maximum value of λ 1 is also increasing with N , as seen in Fig. 2 . This maximum arises at an energy where the harmonic potential energy is of the same order of magnitude as the Coulomb potential energy. The confinement of the ions by the external potential of the trap precludes a possible thermodynamic limit as in translationally invariant systems. The external potential and the long range of the Coulomb interaction have for consequence the observed increase of the maximum value of λ 1 with N . In order to investigate the high-temperature behavior, the Lyapunov exponent is rescaled by its maximum value max E {λ 1 }, where the maximum is taken over the dependence of λ 1 on the energy E. The rescaled Lyapunov exponent λ 1 /max E {λ 1 } is depicted as a function of the rescaled energy E/E 0 in Fig. 3 . At high temperature, this rescaled energy is proportional to the temperature T according to Eq. (10) so that Fig. 3 essentially depicts Fig. 3 , which agrees with the decrease of the Lyapunov exponent for our largest values of N . Deviations occur for smaller values of N , which may be due to the fact that the large-system limit required for the applicability of statistical mechanics is not yet reached at such small values of N = 5 or 10. Nevertheless, the numerical data are in agreement with the dependence on the temperature predicted by Eq. (17) for large values of N , as expected.
C. Dependence on trap geometry Figure 4 depicts the Lyapunov exponent λ 1 versus energy for a microplasma of 10 ions in traps of different shapes. We observe that the motion in the isotropic trap is significantly more chaotic than in the extreme oblate and prolate traps. In a quasi one-dimensional (prolate) trap, the Lyapunov exponent is observed to slowly increases during the melting of the ion crystal in contrast to the multidimensional cases. The reason is that the ions keep their onedimensional order up to a critical energy where ions can jump over each other, leading to chaotic motion. In all cases, the Lyapunov exponent decreases at high energy. 
V. CONCLUSIONS
In the present paper, we have shown that the motion of ions in microplasmas presents an exponential type of sensitivity to initial conditions characterized by a positive maximum Lyapunov exponent and we have studied the dependence of this exponent on the energy of the system, on the number of ions, as well as on the geometry of the trap.
At low kinetic energy where the microplasma forms an ion crystal, the dynamical chaos is much reduced because the motion is quasiharmonic around the crystal equilibrium configuration. In order to minimize the dynamical chaos in systems of ions for instance to build well-controlled quantum devices, our results show that high-dimensional behavior as well as the exchanges of ions should be avoided. Our study characterizes irregularity in the motion of ions in terms of the maximum Lyapunov exponent and shows under which conditions the Lyapunov exponent may remain small enough for the controlled manipulations of the ions. In this sense, the inverse of the Lyapunov exponent is an indicator of the controllability of the motion of ions. The larger the inverse Lyapunov exponent is, the longer is the interval of time when the motion is under control. Similarly, the control of the spatial distribution of the ions goes with the minimization of the standard thermodynamic entropy at low temperature.
The Lyapunov exponent turns out to decrease at high temperature because the Coulomb interaction becomes negligible and the microplasma forms a thermal cloud of nearly independent ions moving in the harmonic potential of the trap. At high temperature, the spatial disorder of these microplasmas characterized by the standard thermodynamic entropy (13) always increases although dynamical chaos decreases as (17) . This decrease of the maximum Lyapunov exponent that we here observe in trapped microplasmas in reminiscent of a result obtained for a one-dimensional wave-particle model of plasma [29, 30] , in which the maximum Lyapunov exponent even vanishes in the thermodynamic limit above a critical energy. In the three-dimensional trapped microplasmas we study here, the maximum Lyapunov exponent does not vanish as in the model of Refs. [29, 30] but decreases at high temperature according to Eq. (17) because of the quasiharmonic motion in the trap potential.
At intermediate values of energy, our results show that there is a regime of significant dynamical chaos which becomes broader and broader as the number of ions increases. In this intermediate regime, the Lyapunov exponent reaches a maximum value which turns out to increase as a function of the number of ions. This dynamical chaos could possibly be measured in experiments tracking the trajectories of the ions of the microplasma using the methods of Refs. [20] [21] [22] [23] [24] [25] . Such an experimental measurement of a Lyapunov exponent would be a great achievement which could solve the fundamental question to know whether the sensitivity to initial conditions is strong or weak in the many-particle systems of statistical mechanics.
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APPENDIX A: STATISTICAL MECHANICS OF THE ION SYSTEM
In this appendix, we show how to calculate with statistical mechanics the properties of interest for our purposes. The large-scale statistical properties can be described by the following free-energy functional of the density n(R) of ions:
with γ (a 2 mω c h −1 ) 3 , h being the Planck constant. The chemical potential is obtained from the first variation of the free energy with respect to the density as δF = µ δn dR, and should be constant at equilibrium so that we get the equilibrium density
with the mean-field potential
The mean-field potential typically decreases as R −1 at large distances and becomes negligible with respect to the trap harmonic potential at high temperature. Therefore, the density becomes Gaussian at high temperature.
At zero temperature T = 0, the kinetic energy as well as the last term vanish in the functional (A1). Taking the Laplacian of the chemical potential and using the formula ∇ 
This result implies that the radius of a zero-temperature spherical microplasma scales as A ∼ N 
In order to estimate the inverse moments of the interparticle distances R ij = R i − R j , we need to take into account the Coulomb repulsion between the ions. For a dilute system, the two-particle density is given by [31] :
with n(R) N γ 2 ⊥ γ (2πT )
The moments are thus given by
Using the permutation symmetry and a change of variables from R and R to their sum and difference, we obtain for an isotropic system with γ ⊥ = γ = γ that
